Which weighted composition operators are com- 
plex symmetric? 

Stephan Ramon Garcia and Christopher Hammond 

Abstract. Recent work by several authors has revealed the existence of many 
unexpected classes of normal weighted composition operators. On the other 
hand, it is known that every normal operator is a complex symmetric operator. 
We therefore undertake the study of complex symmetric weighted composition 
operators, identifying several new classes of such operators. 
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1. Introduction 

In 2010, C. Cowen and E. Ko obtained an explicit characterization and spectral 
description of all hermitian weighted composition operators on the classical Hardy 
space H 2 [5]. This work was later extended to certain weighted Hardy spaces 
by C. Cowen, G. Gunatillake, and E. Ko [I]. Along similar lines, P. Bourdon and 
S. Narayan have recently studied normal weighted composition operators on H 2 pQ . 
Taken together, these articles have established the existence of several unexpected 
families of normal weighted composition operators. 

It turns out that normal operators are the simplest examples of complex 
symmetric operators. We say that a bounded operator T on a complex Hilbert 
space T~L is complex symmetric if there exists a conjugation (i.e., a conjugate- 
linear, isometric involution) J such that T = JT* J . The general study of such 
operators was undertaken by the first author, M. Putinar, and W. Wogen, in vari- 
ous combinations, in [THlOj. A number of other authors have also made significant 
contributions rjEHHIMin] ■ 
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We consider here the problem of describing all complex symmetric weighted 
composition operators. Among other results, we produce a class of complex sym- 
metric weighted composition operators which includes the hermitian examples 
obtained in as special cases. We also raise a number of open questions which 
we hope will spur further research. 

2. Observations and results 

In what follows, we let H 2 (j3) denote the weighted Hardy space which corresponds 
to the weight sequence {/3(n)}^L [SJ Sect. 2.1]. For each w in the open unit disk 
D and every integer n > 0, we let Kw denote the unique function in H 2 (f3) 
which satisfies {f,K^ l) ) = f n \w) for every / in H 2 (j5). For convenience, we 
often choose to write K w in place of • If <f ■ U — > © is analytic, then the 
composition operator C v : H 2 (/3) — > H 2 (/3) is defined by setting 

C lp {f) = f°<P- 

Given another analytic function -0 : D — > C, we define the weighted composition 
operator W Vt $ by setting 

Assuming that is bounded, one has the useful formulae 

W;^(K W ) =i^)K ip{w) , (1) 

KA K &) = W)VW)k ( X) + WW)k v{w) - (2) 

2.1. Composition operators 

One initially expects few unweighted composition operators to be complex sym- 
metric. In fact, the only obvious candidates which come to mind are the normal 
composition operators. These are precisely the operators C v : H 2 ((3) — )• H 2 ((3) 
where <p(z) = az and \a\ < 1 [6, Thm. 8.2]. One might initially suspect that 
these are the only complex symmetric composition operators. This naive conjec- 
ture proves to be false, however, as there exist at least two other basic families of 
complex symmetric composition operators. 

Proposition 2.1. Ifip is either (i) constant, or (ii) an involutive disk automorphism, 
then C v : H 2 (/3) — > H 2 (j3) is a complex symmetric operator. 

The preceding follows immediately from the fact that an operator which is 
algebraic of degree two is complex symmetric [101 Thm. 2]. In what follows, we work 
only with nonconstant symbols (p. It turns out that (ii) prompts an elementary 
question whose answer has so far eluded us. 

Question 1. Let tp be an involutive disk automorphism. Find an explicit conjuga- 
tion J : H 2 {(i) -> H 2 (f3) such that C v = JC* J. 
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Naturally, one is also interested in determining whether there are any addi- 
tional classes of complex symmetric composition operators. 

Question 2. Characterize all complex symmetric composition operators C v on the 
classical Hardy space H 2 or, more generally, on weighted Hardy spaces H 2 (f3). 

In the negative direction, we have the following results. 

Proposition 2.2. If C v : H 2 (/3) — > H 2 (/3) is a hyponormal composition operator 
which is complex symmetric, then ip(z) — az where \a\ < 1. 

Proof. Suppose C v is hyponormal; that is, \\C v f\\ > ||C*/|| for all / in H 2 (f3). If 
Ctp is J-symmetric, then it follows that 

\\c;f\\ = \\jc v jf\\ = \\c v jf\\ > \\c;jf\\ = \\jc v f\\ = \\c v f\\. 

Thus \\C v f\\ = \\C*f\\ for all / in H 2 whence C v is normal. By [6, Thm. 8.2] we 
conclude that <p(z) — az where \a\ < 1. □ 

Proposition 2.3. Suppose that C v : H 2 (j3) — > H 2 ((3) is J-symmetric. If J(l) is a 
constant multiple of a kernel function K w , then ip(w) — w. The converse holds 
whenever (p is not an automorphism. 

Proof. If J(l) = "fK w for some constant 7^0 and C v is J-symmetric, then 

7 k w = j(i) = jc v (i) = c;j(i) = c;(jk w ) = ^k v(w) , 

from which we conclude that ip(w) — w. On the other hand, suppose that <f(w) — 
w. Since C*(K W ) = = K w , we see that 

C V J{K W ) = JC;(K W ) = J(K W ). 

As long as tp is not an automorphism, the only eigenvectors for C v corresponding 
to the eigenvalue 1 are the constant functions [T6J p. 90]. Therefore J(K W ) must be 
a constant function, which means that J(l) must be a scalar multiple of K w . □ 

In light of the preceding, we see that if J is a conjugation on H 2 ((3) such that 
J(l) is not a constant multiple of a kernel function, then there does not exist a J- 
symmetric composition operator C v on H 2 (f3) whose symbol fixes a point in D. If 
J(l) is a constant multiple of 1, then we can say even more about tp. The following 
is inspired by an unpublished result of P. Bourdon and D. Szajda [51 Ex. 8.1.2]. 

Proposition 2.4. Suppose that J : H 2 {/3) H 2 (/3) is a conjugation, J(l) is a 
constant multiple ofl, and J{z) is a constant multiple of z m for some m > 1. If 
C v is J-symmetric, then <p(z) — az for some \a\ < 1. 

Proof. Since 1 = (3(0)Kq, it follows from Proposition 12.31 that ip(0) — 0, whence 

by ([2]). Thus z = ^(l)^ 1 ^ is an eigenvector for C* corresponding to the eigenvalue 

tp'(0). Since C v is J-symmetric, z m must be an eigenvector for C v corresponding 
to the eigenvalue <p'(0)- Observe that C v (z m ) = ip m , which means that ip(z) m = 
(p'(0)z m . Consequently ip(z) = az, where \a\ < 1. □ 
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2.2. Weighted composition operators 

Although our list of complex symmetric composition operators is somewhat sparse, 
there are a variety of weighted composition operators which are known to be 
complex symmetric. Indeed, the study of hermitian, normal, and unitary weighted 
composition operators has been the focus of intense research [TJHUS] . The following 
is a generalization of [TJ Lem. 2, Prop. 3], where the same conclusion is obtained 
under the assumption that W v ^ is normal. 

Proposition 2.5. IfW v ^ : H 2 ((3) — > H 2 (f3) is complex symmetric, then either ip 
is identically zero or ip is nonvanishing on B. Moreover, if p is not a constant 
function and ip is not identically zero, then ip is univalent. 

Proof. Suppose that is complex symmetric and that ip does not vanish iden- 

tically. Since keiW v ^ = {0}, we conclude that kerW*^ = {0} by [3 Prop. 1]. 
If ip(w) = for some w in B, then W* ,p(K w ) — by J]}. Since this contradicts 
the fact that ker W* ^ is trivial, we conclude that ip is nonvanishing on B. Now 
suppose that there are points w\ and w 2 in B such that <p(w\) = Lp(u)2). It follows 
that 

W*(ip(w 2 )K Wl - ip(wi)K W2 ) =ip(w 2 )ip(wi)K v ( Wl ) ~ip(wi)ip{w 2 )K v ( W2) =0. 

Since any distinct pair of reproducing kernel functions is linearly independent, we 
conclude that w\ — W2- In other words, tp is univalent. □ 

The following result provides a severe restriction on the spectrum of a com- 
plex symmetric weighted composition operator whose symbol has a fixed point in 
B. 

Proposition 2.6. Suppose that : H 2 ((3) H 2 (/3) is a complex symmetric 

operator. If ip(wo) — wq for some wo in B, then ip(wo) ip'(wo) n is an eigenvalue of 
Wu> t $ for every integer n > 0. 

Proof. Since is complex symmetric, by 7, Prop. 1] it suffices to prove that 

iP(w )<p'(w ) n (3) 
is an eigenvalue for W* ^. Let us first assume that p'(wo) is not a root of unity. 
We claim that for each n > 0, the function K Wo can be written in the form 

v n + a„-iu„-i + a„-2«n-2 H 1- "o^o, 

where Vj is an eigenvector for W Vt ^ corresponding to the eigenvalue ip(wo) ^'(wo) 3 . 
We prove this assertion by induction. Note that 

W*^{K W0 ) = ip(wo)K v(wo) = tp(w )K WQ , 

so the claim holds when n — 0. Suppose then that the claim holds for all n < k 
and consider the kernel function Kwo . Now recall that W* ^ (ifl fe +1 ' 1 ) equals 
ip(wo) ip'(wo) k+1 K^ k ( ^ ] 1 } plus a linear combination of kernel functions Kw„ with 
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j < k. Our induction hypothesis implies that each of these kernel functions is a 
linear combination of eigenvectors Vj . Therefore we may write 



K,1> Wo +1) ) = *K">o) ^(wo) k+1 Ki k +^ + p k v k + h^v k ^ + ■■■+ (3 v 
for some constants /3q, fix, ■ ■ • , ftk- Observe that the function 

k 



, fc+1 = < +1) +E 



is an eigenvector for W* ^ corresponding to the eigenvalue ip{wo) ip' (wo) k+1 . Con- 
sequently our claim holds for all n. In other words, every term ((3]) is an eigenvalue 
for W* j,. If ip'(wo) is an mth root of unity, then a similar argument shows that 

K wa = V n + OCn-lVn-1 + a n -2V n -2 H h OO^O 

whenever < n < to — 1 . Hence ([3]) is an eigenvalue for W"* ^ when n < m — 1 and 
hence for all n. In either case, every number (J3J is an eigenvalue for W* ^, which 
means that tp( w o) f'iwo) 12 is an eigenvalue for W v> $. □ 

Example 1. Fix a G D\{0} and let 

a — z 
f = i — • 



Since </? is an involutive automorphism, the composition operator C v : H 2 (/3) — > 
H 2 ((3) is complex symmetric by Proposition [2TTJ Moreover, observe that the spec- 
trum cr(C v ) of dp is precisely { — 1, 1}. On the other hand, Proposition 12 .61 implies 
that tp'(wo) n belongs to o~(C v ) whenever wq is a fixed point of wo- However, the 
only fixed point of p> which lies inside of D is 



Wq = — 



a 

which happens to satisfy ip (wo) — — 1, in accordance with Proposition 12.61 
2.3. Koenigs eigenfunctions 

For any nonconstant non-automorphism ip : P — >• D which has a fixed point wo m 
D and for which p'(wo) ^ 0, there is an analytic k : D — > C such that k o p = 
p'(wq)k. This function, called the Koenigs eigenfunction for is unique up to 
scalar multiplication [SJ p. 62, p. 93]. Furthermore, n n (or any constant multiple 
thereof) is the only analytic function for which n n o p = tp' (wo) n K n . Proposition 
12.61 together with the details of its proof, yields the following result pertaining to 
unweighted composition operators. 

Proposition 2.7. Let ip : B — > D be an analytic selfmap which is not an auto- 
morphism and suppose that p(w Q ) = w a and tp'(uio) ^ for some w a in U>. // 
C v : H 2 {fi) — > H 2 ((3) is complex symmetric, then every power K n of the Koenigs 
eigenfunction for tp belongs to H 2 (/3). 
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It is not difficult to construct a univalent map tp : H> — > © in such a way that 
one can readily determine whether its Koenigs eigenfunction belongs to H 2 (f3) [TBI 
pp. 93-94]. Let n : D — > C be a univalent function that vanishes at some point 
Wo and consider the region k(D). Suppose that Ak(D) C k(ID) for some complex 
A with |A| < 1. Define the map tp by tp(z) — k~ 1 (Xk(z)). Then, by construction, 
tp is a univalent self-map of IS that fixes wq and whose Koenigs eigenfunction is 
k. Hence, by starting with a k that belongs to H 2 (f3), we construct a tp whose 
Koenigs function belongs to H 2 (f3). Similarly, if we take k such that K n does not 
belong to H 2 (f3) for some n, we obtain a map whose corresponding composition 
operator is not complex symmetric by Proposition 12. 71 For example, consider any 
such A and take k(z) = 2z/(l — z), which does not belong to the Hardy space 
H 2 . From this we obtain the map <p{z) — (Az)/(1 + (A — l)z), which induces a 
composition operator C v : H 2 — > H 2 which is not complex symmetric. 

Much work has been done to determine the conditions under which a Koenigs 
eigenfunction k belongs to the Hardy space H 2 . In this context, Proposition 12.71 
is equivalent to saying that k belongs to H p for every < p < oc. The following 
proposition follows directly from |15l Thm. 2.2]. 

Proposition 2.8. Suppose that ip : ED — > D is not an automorphism and that tp has a 
fixed point wq in D such that ip'(wo) ^ 0. If C v : H 2 — > H 2 is complex symmetric, 
then the essential spectral radius of C v is 0. In other words, C v must be a Riesz 
composition operator. 

A good deal of work has been done to study Riesz composition operators on 
H 2 . Bourdon and Shapiro's paper [2] serves as an excellent starting point. 

Suppose that tp is not an automorphism, <p(wo) — wq, tp'(wo) ^ 0, and that 
C v is J-symmetric. As we have already observed, J(l) must be a constant multiple 
of K WQ . Let k denote the Koenigs eigenfunction for tp, normalized so that = 1. 

We also know that J(k) equals a constant multiple of K w \ }. In particular, taking 
into account the norms of these functions, we can write 

7/3(0)^o „ v 5K$> 
\\K W0 \\ \\K ( w \\ 
where |— y | = \8\ = 1. Since (k, 1) = (J(l), J{k)}, we see that 

\k£ \w )\ 



|«(0)| 



\K Wo || ll^lUo^ I 



If wo = 0, then this tells us nothing. If wq ^ 0, however, it places a major restric- 
tion upon the function n. In essence, most functions in H 2 (f3) cannot be Koenigs 
eigenfunctions for complex symmetric composition operators. 

2.4. An instructive example 

We conclude this note by producing a class of complex symmetric weighted com- 
position operators which includes the hermitian examples obtained in [2J[S] as 
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special cases. For each k > 1, let H 2 (f3 K ) denote the weighted Hardy space whose 
reproducing kernel is K w (z) = (1 — Wz)~ K . We now explicitly characterize all 
weighted composition operators on H 2 {(3 K ) which are J-symmetric with respect 
to the conjugation 

[jf](z) = m ^ (4) 

on H 2 (f3 K ). For the sake of convenience, we sometimes write / := J f . 

Proposition 2.9. A weighted composition operator W v ^ : H 2 (f3 K ) — > H 2 ((3 K ) is 
J-symmetric with respect to the conjugation if and only if 

^ z > = T\ w <p(z) = a a + - , (5) 

(1 — aoz) K 1 — oqZ 

where ao and a\ are constants such that ip maps D into D. Moreover, such an 
operator is normal if and only if either, 

(i) b = 0, 

(ii) b 7^ and ImetoaT = (1 — |&o| 2 ) Imoo. 

Moreover, W v .^ is hermitian if and only if ao, a\, and b each belong to M. 

Proof. To streamline our notation, we let W := W v ^. A simple computation 
now confirms that if if) and ip are given by |5]), then WJK W = JW*K W for all 
w in D, implying that W = JW*J. On the other hand, if W = JW*J, then 
WJK W = JW*K W for all w in D. Since JK W — K^, this implies that 

TP(z)K^(<p(z)) = ^(w)K^(z) (6) 

holds for all z, w in D. Setting w = in the preceding we find that 

nZ> ~ (l-^O)?)"" 
Thus ip is of the form ([5]) with b = ip(0) and ao = <p(0). From ([6]) it follows that 

1 — ip(w)z 1 — ip(z)w 
1 — aoz 1 — aow 
Writing tp(z) = ao + z£(z) where £ is analytic on B, we see that 

(1 - a z)£(z) = (1 - a w)£(w) 

for all z,w in ED. Thus the function (1 — aoz)^(z) is constant. Letting £(0) = a\, 
we conclude that (f has the form ([5]). 

Suppose that and cp are given by (|5|) and note that W is normal if and only 
if JWW*K W — WW*JK W for all w in D. The preceding condition is equivalent 
to asserting that 

ip(w)4>(z) ip(w)ip(z) 
1 — (^(ui)<£>(z) 1 — 

holds for all z,w in D. Taking the reciprocal of the preceding and simplifying, 
we see that equality holds for all z,w if and only if either b = or b ^ and 
Ima(]Oi = (1 — |&o| 2 ) Imao- 
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We also note that W = W* if and only if WJK W = JWK W , which yields 

ij;{z)K w {<p{z)) = $(z)K w (p(z)). 

Setting w = in the preceding yields ip(z) — ip(z) so that ao and 6 are real. This 
implies that ip(z) = ip(z) whence a\ is also real. Conversely, it is easy to see that 
if ao, Oi, and b are real, then W is hermitian. □ 

It follows from the preceding that if ao,ai,b are chosen so that <p maps 
D into D and so that (i) and (ii) both fail to hold, then the operator : 
H 2 (Pk) — > H 2 (f3 K ) will be complex symmetric and non-normal. Moreover, the 
operators produced by Proposition 12.91 include the hermitian examples considered 
in 0U5]. 

Question 3. The detailed spectral structure of hermitian weighted composition 
operators W v ^ : H 2 ((3 K ) — > H 2 (f3 K ) with ip and ip given by ([5]) is studied in 
[H|S]. What is the corresponding spectral theory for the non-normal weighted 
composition operators arising from Proposition 12.91 '' 
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